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1 Introduction 


Recent evidence suggests that the string theoretic nature of spacetime can be illuminated by 
exploring the arithmetic structure of the dehning varieties. A first indication of the usefulness 
of this technique is the identihcation of the quantum dimensions of the chiral primary helds 
of exactly solvable string models as certain units of a number held determined by the Hasse- 
Weil L-function of the corresponding Calabi-Yau manifold. This result provides a geometric 
characterization of the ’hne structure’ of the spectrum that goes beyond the usual identihcation 
of marginal operators of the conformal held theory with elements of cohomology groups of the 
variety [1]. 

Counting states is an issue that can be addressed in any of the diherent formulations that 
have been applied to the problem of understanding the relation between Calabi-Yau varieties 
and conformal held theories, such as Landau-Ginzburg theory [2, 3, 4], and the a-theoretic 
approach [5]. A question that so far has resisted ehorts is how the modularity of the two- 
dimensional conformal held theory is encoded in the geometry of spacetime. More precisely, 
one wants to understand how the characters of the underlying conformal held theory are 
determined by the variety itself, and vice versa. It is the purpose of this article to establish 
this relation in the simplest case of toroidal Calabi- Yau compactihcations. 

Moral support for this investigation comes from the recent proof of the more than three 
centuries old conjecture of Fermat’s last theorem. The basic ingredient of this proof is a 
conjecture hrst put forward by Taniyama [6], sharpened by Shimura [7], and made more 
concrete by Weil [8] (ref. [9] contains some remarks concerning the interesting history of this 
conjecture). There are several diherent ways to formulate this conjecture, but they all lead to 
a statement to the ehect that the arithmetically dehned Hasse-Weil L-function of an elliptic 
curve over the rational numbers is the Mellin transform of a modular form of weight two with 
respect to some congruence subgroup of SL(2, Z). The geometric background for this result 
is provided by Shimura’s construction, which shows that the Jacobian of an elliptic curve can 
be recovered as a factor of an abelian variety determined by a modular form of weight two 
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and level N [10]. 


The Shimura-Taniyama conjecture has provided a focal point of much work in arithmetic 
algebraic geometry over the last few decades. It moved to center stage with Frey’s observation 
[11] that rational solutions of Fermat type plane curves can be used to construct certain special 
types of semi-stable elliptic curves. Frey argued that the resulting elliptic curves would in fact 
be so special that they would contradict the Shimura-Taniyama conjecture. Establishing the 
Shimura-Taniyama conjecture would therefore hnally prove Fermat’s last theorem. Ribet’s 
proof [12] of Frey’s conjecture provided the key motivation for Wiles’ attempt to prove the 
conjecture, and hence Fermat’s theorem [13, 14]. More recently the work of Wiles and Taylor- 
Wiles has been extended to the full Shimura-Taniyama conjecture, avoiding the requirement 
of semi-stability. Without any constraints on the type of the elliptic curve the following result 
has been proven in a sequence of papers with an increasing number of authors [15, 16, 17]. 
Denote by Q the held of rational numbers, by Fp the hnite held of order p, and by E/Fp the 
reduced curve E over the held Fp. An elliptic curve E is dehned over Q if all its coefficients 
are rational numbers. Set q = 

Theorem. [17] Every elliptic curve E overQ is modular in the sense that there exists a modular 
form f = of weight 2 and some level N, determined by the conductor of the 

elliptic curve, such that the numbers 

ap{E)=p+l-if{E/Fp) (1) 

defined by the cardinalities ff{E/Fp) of the curve at rational primes p / N are related to the 
coefficients ap{f) of the modular form f as 

ap{E) = ap{f). (2) 

Elliptic curves provide the simplest examples in a class of Calabi-Yau manifolds which has 
been conjectured by Gepner to be exactly solvable in terms of certain two-dimensional N = 2 
superconformal held theories [18]. Conformal held theories are determined by partition func¬ 
tions whose ingredients are holomorphic characters and multiplicity invariants which link the 
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holomorphic and anti-holomorphic sectors. In the context of elliptic Calabi-Yan manifolds the 
most elementary exactly solvable example is the cnbic plane curve embedded in the projective 
plane 

Cs = {(^0 • • ^2) ^ IP2 I ^0 + + ^2 ~ 0 }- ( 3 ) 

The underlying conformal held theory of this curve is thought to be derived from the affine 
SU(2) Lie algebra at level k = 1 

P23C3 = (SU( 2 )*.i,^.)go, ( 4 ) 

where Ai signihes the diagonal invariant for the SU(2) partition function, and GSO indicates 
the projection which guarantees integral U(l)-charges of the states. The main ingredient of the 
partition function of this theory is the string function c(r) which determines the character k{t) 
of the parafermionic theory at level k = 1 via k{t) = ? 7 (r)c(r), where ? 7 (r) = 
is the Dedekind function. The parafermionic theory in turn determines the N = 2 supercon- 
formal minimal models. Alternatively one can obtain the supersymmetric theory via the 
Goddard-Kent-Olive coset construction. 


The goal of this paper is to show that the theta functions determined by the characters of the 
conformal held theory determine the Hasse-Weil L-function in a simple way. More precisely 
it is shown that the following holds. Denote by S 2 {Tq{N)) the set of cusp forms of the con¬ 
gruence group of elements of SL(2, Z) that are upper triangular mod N 


ro(iv) 


{(: 




(mod N) > . 


(5) 


Theorem. The Mellin transform of the Hasse-Weil L-funetion Lhw(G3, s) of the eubic elliptie 
eurve C 3 CF 2 is a modular form fim{C 3 ,q) G S'2(ro(27)) which faetors into the product 

/hw(C 3,Q') = 0(g^)0(g®). (6) 

Here 0(t) = rf{T)c{T) is the Hecke modular form associated to the quadratic extension Q(v^) 
of the rational field Q, determined by the unique string function c{t) of the affine Kac-Moody 
SU(2)-algebra at conformal level k = 1. 
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This result provides a string theoretic origin of the Hasse-Weil modular form of the plane cubic 
Fermat torus in terms of an exactly solvable conformal field theory character determined by 
an affine SU(2) Kac-Moody algebra. 

Even though at present few exactly solvable points are known explicitly, the Shimura-Taniyama 
conjecture shows that modularity among Calabi-Yau curves is a common phenomenon, not 
restricted to a few discrete points in moduli space. The link established in this paper between 
geometrically dehned modular forms and conformal held theoretic modular forms, in combi¬ 
nation with the proofs of the Shimura-Taniyama conjecture, leads to the conjecture that the 
space of exactly solvable Calabi-Yau varieties at central charge c = 3 is dense in the space 
of Calabi-Yau curves (see [19] for a different approach to this question). What is needed is a 
better understanding of the conformal held theory side of this relation. 

The outline of this note is as follows. In Section 2 we describe Artin’s zeta function and the 
resulting Hasse-Weil L-function. Section 3 contains a brief summary of some of the pertinent 
aspects of Y = 2 super conformal held theories. Section 4 explains the arguments that recover 
the conformal held theory modular form from the variety, while Section 5 contains some 
remarks concerning the inverse problem of reconstructing Calabi-Yau varieties from conformal 
held theory. Section 6 describes an alternative point of view in terms of the representation 
theory of the absolute Galois group on the torsion points of the elliptic curve. 


2 The Hasse-Weil L-Function 


For reasons explained in [1] it makes sense from a physical perspective to combine the arith¬ 
metic information contained at arbitrary prime numbers into a single object, the Hasse-Weil 
L-function. Such a global object was hrst introduced by Hasse in the late thirties (he suggested 
its investigation as a dissertation topic to his student P. Humbert [20]), and later reformulated 
by Weil [21, 22]. The starting point for the Hasse-Weil L-function of an algebraic curve X is 
the local congruent zeta function at a prime number p, dehned by Weil [23] as the generating 
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series 


Z(X/F„ t) ^ exp ( # {X/W,r) ^ j (7) 

VrGN ^ / 

in terms of a formal variable t. In a somewhat different formulation this function was intro¬ 
duced by Artin [24] and F.K. Schmidt [25]. This arrangement of the cardinalities ^^(X/Fpr) is 
motivated by the idea to translate additive properties of these numbers into a multiplicative 
structure of the generating function. It was first shown by F.K. Schmidt [26] [27] [28] that 
Z{X/Wp,t) is a rational function which takes the form 

= («) 

where is a function whose degree is independent of the prime p and is given by the 

genus g{X) of the curve, deg(X) = 2g{X). It was later recognized that the structure indicated 
by this simple expression holds quite generally in the sense that the zeta function splits into 
factors determined by the de Rham cohomology groups HdR(X) of a variety X (see [29] for a 
beautiful historical introduction to this subject). 


More important from a physical perspective is the global zeta function, obtained by setting 
t = and taking the product over all rational primes at which the variety has good reduction. 
Denote by S the set of rational primes at which X becomes singular and denote by Ps the 
set of primes that are not in S. The global zeta function can be dehned as 

yipUp-) C(»»)C(»»-i) 

where the local L-function has been dehned as 



L,(X,s) = 


( 10 ) 


■p(p)(p-»)’ 

and C(>s) = 11^(1 ~ is the Riemann zeta of the rational held Q. It becomes clear from 

this way of writing the zeta function that one of the advantages of dehning the L-function via 
eq. (9) derives from the fact that this expression separates the arithmetic of the variety from 
that of the rational number held O. 


The factors {t) can be analyzed in a number of diherent ways. The most direct way is to 
expand Artin’s form of the zeta function and compare the coefficients with the expansion of 
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F.K.Schmidt’s rational form of it. Writing the polynomials at the good primes as 


2g 

i=0 

the hrst few coefficients Pi{p) expressed in terms of the W,p = #(-^/lFp'-) are given by 

Po{p) = 1 

Pi{p) = Ni^p-{p+^) 

(^2{p) = 2 ~ (p + + P 

/52a(p) = P^- (12) 

At genus g = 1 the zeta function is completely determined by Piip). 


Depending on the issues at hand it might be necessary to complete this dehnition with factors 
coming from the bad and inhnite primes. The general structure of these factors is described in 
[30]. For elliptic curves the discussion simplihes considerably. For any prime p the polynomials 
(t) for elliptic curves can be written as 


- 1 + /3i(p)t + 3(p)pt^ 


(13) 


with 


6{p) = 


0 if p is a bad prime 


(14) 


1 if p is a good prime 

At the bad primes the precise structure of the coefficients Pi{p) depends on the type of the 
singularity 


Pi{p) = 


±1 if the singularity at p is a node 


(15) 


0 if the singularity at p is a cusp 
Here the sign in the first case depends on whether the node is split or non-split. The Hasse- 
Weil L-function can then be dehned as 


Lnw{^, '5) = 


n 


pes ^ + l3iip)P~" 1 + l3iip)P~" + 


(16) 
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Computing the cardinalities Ni^p for the cubic curve C 3 given in eq. (3) explicitly allows to 
determine the lower terms of the g—series. For the lower primes the computation leads to the 
results in Table 1. 


Prime p 

2 

3 

5 

7 

11 

13 

17 

19 

23 

29 

31 

Ni,p 

3 

4 

6 

9 

12 

9 

18 

27 

24 

30 

36 


0 

0 

0 

1 

0 

-5 

0 

7 

0 

0 

4 


Table 1. The coefficients Pi{p) = Ni^pi^Cs) — (p + 1) of the elliptic cubic curve C 3 in terms 
of the cardinalities iVi p for the lower rational primes. 


This leads to a Hasse-Weil series of the cubic elliptic curve 


-^Hw(C'3; -S) 


2 15 4 7 


(17) 


A standard maneuver then obtains from the Hasse-Weil L-series of any elliptic curve X 

1 -TT 1 




n 


pe5 ^ peP5 ^ 


n=l 


(18) 


an associated g—expansion via the Mellin transform. This map produces for a given g-series 
/ = a series L{s) = via the integral 

m = r ( 19 ) 

r(s) Jo 

It effectively replaces g”, where g = and r & S) parametrizes the upper half 

plane. This leads to the Hasse-Weil form 

00 

/hw(-^, O') = (20) 

n=l 


associated to the Hasse-Weil L-series. Applied to the Fermat cubic curve this leads to 


/hw(C'3, q)=q-2q^-ffi + 5g'3 + dg'^ _ 7^19 ^ . (21) 


Expansions like this often turn out to be useful because of theorems which show that such 
functions are determined uniquely by a hnite number of terms. 
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This result raises a number of questions. First, we need to know whether /hw(C' 3 , <?) is a 
modular form. That it is becomes clear from the proof of the Shimura-Taniyama conjecture 
because the Fermat cubic can be mapped into a Weierstrass form dehned over Q. It then 
follows from the result (21) that it is a cusp form (since Oq = 0) and that it is normalized 
(since ai = 1). We also need to know what its level and weight are. Finally, we need to know 
whether it is a Hecke eigenform. 


The weight of a Hecke eigenform can be read off directly from the multiplicative properties of 
such a form. This can be seen as follows. Consider the set of 2x2 matrices over Z with 


determinant n. For M = 


a b 
c d 


G Mn and a function / on dehne 


det(M)^ 1 
= (cr + dr 


( 22 ) 


Dehne the Hecke operators as 




(23) 


Then 


Tkimn) = Tk{m)Tk{n), m,n coprime, 

Tfc(p"+i) = Tk{pnTk{p)-p'^-^Tk{p^-^), p prime. (24) 


A special operator has to be considered at primes p which divide the level N of the form. This 
is the so-called Atkin-Lehner operator [31], for which no universal notation seems to exist, 
but which is often denoted by Uk{p) 

Ukipn = iUk{p)r- ( 25 ) 


For eigenforms of these operators the operator structure translates into identical relation 
between their coefficients 

O'mn — (^mO'n ^) — 1 

k—1 

— Ctpf^Ctp JO CLpfi —1 

ttpn = (op)"^, for p|iV. (26) 

The Hasse-Weil form /hw(C' 3 , q) of the elliptic cubic curve satishes these relations with k = 2, 
hence dehnes a normalized cusp Hecke eigenform of weight two. 



3 Gepner Models 


The simplest class of N=2 supersymmetric exactly solvable theories is built in terms of the 
affine SU(2) theory as a coset model 

SU(2),»U(1) 

U(l)fc+2,diag 

Coset theories G/H lead to central charges of the form cg — ch, hence the supersymmetric 
affine theory at level k still has central charge = 3k/{k + 2). The spectrum of anomalous 
dimensions and U(l)—charges of the primary fields at level k is given by 


A" = 


Qis = 


i{i + 2) - s2 

4(A; + 2) ^ s' 

q s 


k + 2 2’ 


(28) 


where £ G {0,1, • • •, k}, i + q + s E 2Z, and |g — <s| < i. Associated to the primary helds are 
characters dehned as 


X 


e 

q,s,u 


(gz) 






(29) 


where the trace is to be taken over a projection ^ to a dehnite fermion number (mod 2) 
of a highest weight representation of the (right-moving) N = 2 algebra with highest weight 
vector determined by the primary held. It is of advantage to express these maps in terms of 
the string functions and theta functions, leading to the form 


xisir,z,u) = J24+^j- s('r)02g+(4i-s)(A:+2),2fc(fe+2)('r ,Z,u), 


(30) 


because it follows from this representation that the modular behavior of the N = 2 characters 
decomposes into a product of the affine SU(2) structure in the £ index, and into ©-function 
behavior in the charge and sector index. The string functions are given by 


c 


i 

m 


(^) 


1 

r/3(r) 


E 


sign(a;) 


^2'KiT{{k-\-2)x^ —ky^) 


— I X I <y < I re I 
(x,y) or (^-x,^+y) 

r7^ I ( 22-') 

2(fc + 2) ’ 2fc ) 


(31) 
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while the classical theta functions Qm,k{T) are defined as 


Qn,m{r, z,u) = e 


—2'Kimu 


E 


T-\-2'Ki^z 




(32) 


It follows from the coset construction that the essential ingredient in the conformal field theory 
is the SU(2) affine theory. 


It was snggested by Gepner fifteen years ago that exactly solvable string compactifications 
obtained by tensoring several copies of iV = 2 minimal models should yield, after performing 
appropriate projections, theories that correspond in some limit to geometric compactification 
described by Fermat type Calabi-Yau varieties. The evidence for this conjecture was based 
initially mostly on spectral information for all models in the Gepner class of solvable string 
compactifications [32, 33] and the agreement of certain types of intersection numbers which 
allow an interpretation as Yukawa couplings [34, 35, 36, 37]. Alternative attempts to illuminate 
this snrprising relation were based on Landau-Ginzbnrg theories [2, 3, 4] and a-models [5]. In 
the case of the Fermat cnbic cnrve these results suggest that there is an nnderlying conformal 
field theory of this elliptic curve that is described by the GSO projection of a tensor product 
of three models at conformal level /c = 1, as indicated in the Introduction. 


Given the fact that certain types of elliptic curves lead to modular forms, the question can be 
raised whether these forms are related, in some way, to the modular forms that arise from the 
conformal field theory. It is not clear a priori which of the field theoretic qnantities should be 
the correct building blocks of the Hasse-Weil function, if any. What is clear is that none of the 
characters by themselves can be sufficient, perhaps via some polynomial expression, because 
their coefficients count multiplicities of the primary states. Both, the characters of the affine 
SU(2) theory 

k 

X^{t,z,u)= 4(r)0n,fc(r,^,M), (33) 

n=—k+l 

n=t mod 2 

as well as the characters of the parafermionic theory [38] 

= ^(^)ci(r), (34) 

which provides the intermediate step to Y = 2 minimal models [39], could in principle play 
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a role. In particular the string functions cf^ir) of the N = 2 characters would appear to be 
natural candidates because they capture the essential interacting nature of the field theory. 
At conformal level k = 1 there is only one string function, which we denote by c(r), and which 
can be computed to lead to the expansion 

c(r) = + q + 2q^ + 3q^ + 5q^ + + 0(g*^)). (35) 

It turns out that more important than the string function itself is the associated SU(2) theta 
function 

(36) 

At arbitrary level k these functions are Hecke indehnite modular forms associated to quadratic 
number helds determined by the level of the affine theory (ref. [40] contains background 
material). At level k = 1 there is a unique theta function, which we denote by 0(t), associated 
to the real quadratic extension Q(v^) of the rational held Q. Its expansion follows from the 
string function expansion, resulting in 

0(g) = gl/12(l _ 2g - g2 + 2q^ + q^ + 2^ + C>(g®)). (37) 

This is a modular form of weight one, which will emerge below as the building block of the 
Hasse-Weil modular form /hw(C' 3 , O') of the cubic elliptic curve. 


4 Prom Geometry to Modularity 


The comparison of the modular forms encountered so far shows that there is no obvious 
relation between the geometric form /hw(C' 3 ; ?) and the string function c(g), or the associated 
theta function 0(g) at (conformal) level 1. This is not surprising for a number of reasons. 
The hrst is that characters of the conformal held theory by themselves are not useful because 
their coefficients count multiplicities, hence are always positive. 

Secondly, we expect the prospective Hasse-Weil modular form of an elliptic curve to be of 
weight two. This is neither the weight of the string function nor the weight of the theta 
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function. The theta function 0(r) is a form of weight one, hence this problem could easily be 
hxed by considering a product of two such forms. 

A further difference between the geometric and the conformal held theory forms is that the 
former have integral exponents, while the latter have rational exponents. Multiplying two 
theta functions together will in general not automatically hx this problem. The additional 
ingredient which serves as a useful guide is the concept of the conductor. For an elliptic curve 
this is a quantity which is determined both by the rational primes for which the reduced 
curve degenerates, i.e. the bad primes, as well as the degeneration type. Weil’s important 
contribution to the Shimura-Taniyama conjecture was his recognition that this geometric 
conductor should determine the level of the modular form given by the L-function induced 
series. 


In the case of the Fermat cubic curve the bad prime is given by p = 3. This means that the 
level of the prospective number theoretic modular form induced by the conformal held theory 
has to be divisible by 3. The conductor of the curve can be computed by hrst transforming 
the Fermat cubic into a Weierstrass form and then applying Tate’s algorithm [41]. Since 
we are interested also in helds of characteristic 2 and 3, the usual (small) Weierstrass form 
ip = + Ax + B is not appropriate. Instead we have to consider the generalized Weierstrass 

form given by 

E ■. + aixy + a^y = x^ + a2X^ + a^x + ag, (38) 

where the unusual index structure indicates the weight of the coefficients under admissible 
transformations which preserve this form 

{x,y) H-> {u^x + r,u^y + u^sx + t), (39) 


with r,s,t ^ K and u G K* if E is dehned over K. Curves of this type can acquire certain 
types of singularities when reduced over hnite prime helds Fp. The quantity which detects 
such singularities is the discriminant 


A 



1728 


(40) 
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where 


C4 = bl — 2464 

Ce = —bl + 3662^4 — 21666, (41) 

with 

62 = 04+ 4 a 2 

64 = 04(23 -|- 2(24 

ba = <23 + 406- (42) 

The curve E acquires singularities at those primes p for which p| A. The singularity types that 
can appear have been classihed by Kodaira and Neron [42], and are indicated by Kodaira’s 
symbols. Iq describes the smooth case, I„, (n > 0 ) involve bad multiplicative reduction, and 
I*, II, III, IV, ir, Iir, IV* denote bad additive reduction. 

The conductor itself depends on the detailed structure of the bad hber and the discriminant. 
Conceptually, it is dehned as an integral ideal of the held K over which the elliptic curve E 
is dehned. By a result of Ogg [43] this ideal is determined by the number Sp of irreducible 
components of the singular hber at p as well as the order ordpAE/K of the discriminant Aejk 
at p. In the present case the curve is dehned over the held K = Q, hence the ring of integers 
is a principal domain. The conductor can therefore be viewed as a number dehned by 

Ne/q = (43) 

bad p 

where the exponent fp is given by 

fp = ordpAE/Q + 1 - Sp. (44) 


The Fermat cubic can be transformed into a Weierstrass form by hrst choosing inhomogeneous 
coordinates and setting 

X 3u y 9 — n 

— I—>-, - I—>■- 

2 : V z V 
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This leads to the form v"^ — 9v = u^ — 27. This result can be transformed further by completing 
the square and introducing the variables x = u and y = v — 5, leading to the affine curve 

y'^ + y = — 7, (46) 

with discriminant A = —3® and j—invariant j = 0. The singular hber resulting from Tate’s 
algorithm is of Kodaira type IV* with S 3 = 7 components, leading to the conductor N = 27. 



Figure 1. The Kodaira type IV* type singularity, indicating the intersection properties. 

Combining the weight consideration with the integrality condition, as well as the conductor 
computation, suggests to look for modular forms of the type 0(3ar)0(36r), where a,b are 
integers such that (a + 6 ) = 4. This leads to the ansatz /i(r) = 0(3r)0(9r) as a candidate 
modular form at conformal level k = 1. Expanding this form gives 

/i(r) = 0(3r)0(9r) 

= q-2q^ -q^ + + 4g^® - + 2q^^ - Aq^^ + ■■■. (47) 

Comparing this conformal held theoretic form with the form (21) shows complete agreement. 
This establishes a relation between the geometrically determined modular form derived from 
the Hasse-Weil L-function and a number theoretic modular form of the quadratic held Q(v^) 
derived from an affine Kac-Moody algebra. 

From the considerations of Section 2 we know that the form /i (r) is a normalized cusp Hecke 
eigenform of weight two. In order to complete the identihcation of this form it is useful to 
recognize that the string function at conformal level one is given by the inverse of the Dedekind 
eta-function. Hence the theta function is given by the square of the ? 7 -function. This allows us 
to determine the (modular) level of the form by considering the level of the Fricke involution 
on the set of cusp forms of level N induced by the matrix 

~o)' 
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An eigenform / of weight 2 and level N transforms as 

/ ( 49 ) 

For the series /i(t) the Fricke involution leads to the result 

/i(-5);) =27 tVi(t). (50) 

Hence /i is a form at level 27, /i(t) = 0(3r)0(9r) G S'2(Fo(27)). 


This leaves the question whether there are other forms of this type. The dimension of 
S' 2 (Fo(iV)) can be determined via the theory of modular curves Xq{N) [10]. These are objects 
dehned by quotients 

Xo(7V)=^7Fo(iV), (51) 

where U Q U cx) and Sj is the upper half plane. Each form / G S' 2 (Fo(iV)) dehnes a 

differential form Uf = 27ri/(r)(ir on Xq{N), hence the dimension of S' 2 (Fo(iV)) is given by the 
genus of the curve 

dunS 2 {ro{N)) = g{Xo{N)). (52) 

The latter is determined completely by the index fi{N) of Fo(iV) in F(l) = SL(2, Z), its number 
of elliptic points of order 2 and 3, V 2 {X) and and the number of Fo(iV) inequivalent 

cusps Uoq{N). One has the following result 


Theorem. ([10]) The genus of Xo{N) is given by 

^ 1. _ 7 

Here the index is given by 


MA') = |r(i):r„(/v)| = Afn(i + 

p\N ^ 


while the number of elliptic points of order 2 and 3 are given by 

0 if iV is divisible by 4 

lp\N 

0 if iV is divisible by 9 

, f, , f-3\\ 

lp\N 


1^2{N) = 


HN) = 


np|7v(l+( —)) Otherwise 


UpiN (1 ^ " Otherwise 


(53) 


(54) 


(55) 
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where the symbol 


denotes the quadratic residue symbol defined as 




The number of cusps is given by 


0 Up = 2 

■* 1 if p = 1 mod 4 

—1 if p = 3 mod 4 

V ^ / 

0 if p = 3 

^ 1 if p = 1 mod 3 *■ 

—1 if p = 2 mod 3 

V ^ / 


0<d\N 


( 56 ) 


(57) 


Here {d,N/d) denotes the greatest common divisor and (fin) 


is the Euler totient function. 


Computing the genus of the curve Xo(27) then shows that the space 5'2(ro(27)) is one¬ 
dimensional, and that the form /i(r) is the unique generator (up to constants). 


A priori these two series could be different at higher than computed order but, as mentioned 
before, general results by Faltings and Serre show that modular forms which agree to a suf- 
hciently high, but hnite, order, actually coincide. For modular forms of congruence groups 
Fo(iV) there is an explicit result which determines the congruence in a simple way [44]. For 
the situation of relevance here, this can be formulated as follows. 


Theorem.(Sturm) Let f = 9 ~ modular forms of weight k with 

coefficients in the ring of integers Ok of some number field K. For prime ideals p C Ok and 
forms f define 

ordp(/) = inf{n | p / a^}. (58) 


Then, if 


ordp(/ -g)> 


fc[Fo(l) : Fo(iV)] 
12 


one finds that ordp(/ — g) = oo, i.e. p|(a„ — bn) for all n. 


(59) 
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This completes the proof of the theorem formulated in the Introduction. 


In the present case of elliptic curves constructive information is available in the form of the 
Eichler-Shimura theory. The following section describes how this framework hts into the gen¬ 
eral scheme of a conformal held theoric analysis of geometric compactihcations via arithmetic 
methods. 


5 From Conformal Field Theory to Geometry 


Perhaps the most important problem in the context of string compactihcation is to invert the 
analysis described in the previous sections, and to ask how to construct a geometric target 
space from the data provided by the conformal held theory. This section describes the hrst 
steps in this direction. Our focus will mostly be on elliptic curves. This does not mean that 
these considerations are irrelevant for higher dimensional varieties. Examples where elliptic 
curves span part of the cohomology are threefolds such as transverse hypersurfaces of degree 
twelve embedded in lP(i, 2 , 3 , 3 , 3 ). Here the singular set is given by the torus O 3 C P 2 and its 
resolution contributes to the spectrum of the threefold. This resolution itself is determined 
in part by the cohomology of the curve and therefore the arithmetic of the elliptic curve 
becomes part of the arithmetic structure of the variety. 

Conformal field theories can more usefully be thought of as determining pieces of cohomology, 
or more precisely, the motivic structure of the variety. Specifying the target motive is part 
of the external data that needs to be supplied to the conformal held theory. In the previous 
sections we have seen that starting from a variety it is possible to construct functions on the 
upper half plane that exhibit modular behavior, at least sometimes. In the case of elliptic 
curves over the rationals this has now been shown to always be the case, conhrming Taniyama’s 
intuition beyond his own expectations. 

It is an open question at present which modular forms, or more generally, automorphic forms, 
are induced by motives. The structure that has emerged from the analysis of the congruent 
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zeta function shows that a relation between modular forms and geometric objects very likely 
can be established only by considering certain snbclasses of forms. (1) The form / = 
should be a cusp form, i.e. Oq = 0. (2) / should be normalized, i.e. Oi = 1. (3) / should be 
modular at some level N. (4) The form / should be a Hecke eigenform. 


The expectation that these properties might snfhce to guarantee a geometric origin of a modu¬ 
lar form is suggested by the analysis of Atkin and Lehner. Denote the set of forms of weight 2 
and level N by 5*2 (A^), and dehne a newform as an element in this space that is not determined 
by a level N' that is a divisor of N. 


Theorem. (Atkin-Lehner) Let Sk{Xo{.N)) 3 f = ^n(f' be a normalized eusp form which 

is a newform and is an eigenvector for all Hecke operators Tk{n). Then 


L(f,s)= n 


pprime 
p|V,p2 / N 


1 + A(p)p^ 


n 

pprime 

Pi N 


1 - OpP * -f p 


k-l-2s ’ 


( 60 ) 


where \{p) = ±1. 


Comparing this result with the dehnition of the Hasse-Weil L-series shows that it is this class 
of modular forms which admits a possible geometric interpretation. 


The strategy adopted here to go from snch modular forms to geometry is based on results by 
Eichler and Shimnra [45, 46]. Given a cusp Hecke eigenform / of weight two and level N the 
Eichler-Shimura constrnction leads to an abelian variety Af whose dimension is determined 
by the degree of the held extension K = Q({a„}) dehned by the coefficients of the modular 
form [47] 

dimcA/ = [77 : Q]. (61) 

The importance of Af derives from the fact that its arithmetic properties are determined by 
the modular form in the sense that the Mellin transform of its Hasse-Weil L-fnnction L{Af,s) 
is determined by the L-series of the modular form /. In more detail, the concrete constrnction 
of Af proceeds by recovering it as a factor in the Jacobian of the modular curve Xo{N) dehned 
as the compactihcation of the affine curve 

Ho(A^)=^/ro(iV), (62) 
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where Sj is the upper half plane. 


Intuitively, this abelian factor can be viewed as the subvariety, or factor, of the Jacobian 
of the modular curve spanned by the set {/‘^} of conjugate forms obtained from the set 
{a : K —C} of embeddings of the coefficient held K. Associated to a modular form / of 
weight 2 and level N on the upper half plane is a holomorphic differential ujf = 27rif{z)dz, 
which descends to the quotient Riemann surface ro(A^)\iJ and extends to the compactihcation 
Xo{N) over Q, dehning a 1—form cu/ on the modular curve Xo{N). 

If / has rational coefficients then (61) shows that the abelian variety is an elliptic curve 
E. The results of Eichler and Shimura can further be used to establish that the Hasse-Weil 
L—function L{E, s) associated to / agrees with the L—series of / for almost all primes. The 
construction of Eichler-Shimura provides a map 

; ro(A^) —^ C (63) 

that annihilates the elliptic and parabolic points. If / is not only a newform but also a Hecke 
eigenform such that the Hecke eigenvalues are integers then <!>/ determines a lattice and the 
resulting elliptic curve E, the modular curve Xq{N), and the map 

Xo{N) —^ E (64) 

are dehned over Q. Igusa [48] improved this result by showing that the only possible exception 
are the bad primes dividing the level N. It was finally shown by Carayol that indeed the 
arithmetic agreement holds for all primes and therefore one hnally has the following result. 


Theorem.[49] Let f E S 2 {Tq{N)) be a normalized newform with integral coefficients in Z and 
let E be the elliptic curve associated to f via the Eichler-Shimura construction. Then 


and N is the conductor of E. 


HE,s) = L{f,s) 


(65) 


It is not obvious that the curve E obtained in this way should have the same arithmetic as the 
Fermat curve which was the starting point of the considerations above. It turns out, however. 
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that both the Fermat curve C 3 and the abelian variety Af are on equal footing as far as their 
arithmetic properties are concerned. The concept that captures what might be called the 
’arithmetic equivalence’ of elliptic curves, and more generally of abelian varieties, is that of an 
isogeny. A non-constant analytic map E — E' between two elliptic curves E and E' is called 
an isogeny if it takes the distinguished point O of E, given by the zero of the algebraic group 
structure, into the corresponding point O' of E'. If such a map exists then E and E' are said 
to be isogenous. Two isogenous elliptic curves over Q have the same primes of bad reduction 
[50], and furthermore for each good prime their cardinalities agree, ^{E/Wp) = ^{E'/Wp). 
An important result by Faltings, proving a conjecture of Tate, shows that the converse holds. 

Theorem. (Tate, Faltings [51]) 

Two elliptic curves E, E' over the rational field Q which have the same L-function are isoge¬ 
nous. 

These results indicate that in the context of trying to understand conformal held theoretical 
aspects of string compactihcations via the arithmetic structure of the varieties we should not 
consider individual varieties as objects corresponding to the conformal held theory. Instead 
it is more useful to think in terms of equivalence classes of varieties, where the equivalence 
relation is given by the concept of isogeny. 


6 Representation theoretic framework 


There is an alternative framework which provides a tool to analyze the arithmetic structure 
of algebraic varieties, and which allows to think somewhat diherently about the deeper issues 
involved in the relation between Calabi-Yau varieties and affine Kac-Moody algebras. This 
formulation involves representations of the absolute Galois group Gal(Q/Q), dehned as the 
group of automorphisms of the algebraic closure Q of the rational held that leaves Q hxed, 
and therefore relates to a question raised in [52]. Moore observed that the Galois group of 
the class held iF of a held K acts on the vector multiplet attractor moduli and asked whether 
the absolute Galois group Gal(Q/Q) plays a role in some compactihcations. The following 
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considerations show such an application in a physical context. 


The group Gal(Q/Q) can be viewed as a limit of the Galois groups Gal(i^/Q) where K runs 
through all possible hnite extensions of Q in Q. Any element of Gal(Q/Q) determines a 
system a of automorphisms ax in each of the individual Galois groups Gal(A'/Q). The ax 
are compatible in the sense that if one has two extensions A', L of Q such that K <Z L then 
the automorphisms € Gal(A'/Q) and G Gal(L/Q) are such that ai restricts to ax, i-e. 
<yK = o'lIjs:- 


The goal in number theory is to understand the absolute Galois group Gal(Q/Q) via its 
n-dimensional continuous representations 

p:Gal(Q/Q) —^ GL(n,A:), (66) 

where A' is a (topological) field which can e.g. be the complex held C, the p—adic held Qp or 
some extension of it, or it can be some hnite held. The latter case turns out to be of interest 
in the present context. 

For any elliptic curve E representations of the absolute Galois group can be constructed from 
the group E[n] of torsion points , i.e. the subgroup of points of the group A(Q) for which 
nx = 0. The underlying group operation is written additively, Pi + P 2 , where the sum of two 
points is dehned as the intersection point of the line connecting the points Pi,P 2 with the 
elliptic curve (see e.g. [53]). If the curve is described by the generalized Weierstrass form (38), 
the line y = mx + b connecting two points Pi = (xi, pi) and P 2 = {x 2 , P 2 ) is determined by 


{ y 2 -yi 

X2—XI ’ 

3x^+2a2Xi+a4—aiyi 
2yi+aixi+a3 

and 

ifPi^P2 1 
if Pi = P 2 J ■ 

The intersection point P3 = {xs,ys) of the line with the curve is then given by 

X3 = m? + aim — a2 — xi — X2 


b = 


yiX2-y2Xi 
X 2 —X 1 ’ 

—xl+a4Xi+2aQ—a3yi 
2yi+aixi+a3 ' 


ifPi^P2 1 

if Pi = P 2 J 


(67) 


( 68 ) 
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(m + ai)xz — b — as 


(69) 


93 = - 

in both the chord case (Pi 7 ^ P 2 ) and the tangent case (Pi = P 2 ). 

The group E[n] of points of order n is a free Z/nZ-module of rank 2, i.e. E[n] = Z/nZ x 
Z/nZ. It is possible to dehne an action of the absolute Galois group on E[n] via a homomor¬ 
phism 

Pn-. Gal(Q/Q) —^ Aut(P[n]) = GL(2,Z/nZ). (70) 

The image p„(Gal(Q/Q)) in GL(2, 'S./nE.) can be thought of as the Galois group Gal(77[n]/Q) 
of the held extension K[n] obtained by adjoining the coordinates of the points of E[n] to the 
rationals. More precisely, one has the following 

Theorem. [54] The x and y coordinates of the points of E[n] have algebraic values. If K[n] is 
the field extension obtained from Q by adjoining all coordinates of these points then K[n] is a 
Galois extension and the representation pn factors through Gal(Q/Q), i.e. 

Gal(Q/Q) —^ Gal(i7[n]/Q) —^ GL(2,Z/nZ), (71) 

where the map on the left is the canonical surjection and the map on the right is injective. 

The interesting aspect of these representations is that they can be related to the arithmetic 
of the variety discussed in previous sections. Roughly, this can be outlined as follows. From 
the normal extension K[n]/Q one obtains a map 

p : Gal(i7[n]/Q) —^ GL(2,Z/nZ). (72) 

The subheld of K[n] whose Galois group is p“^(SL(2, TL/n'K)) C Gal(iF[n]/Q) is the cyclotomic 
held Q(pn)- The basic idea is to associate to a rational prime p a class of conjugate elements 
(Tp in Gal(i7[n]/Q) and to analyze its characteristic polynomial. Gonsider a rational prime p 
which is diherent from n and the conductor iV, and therefore unramihed in K[n], i.e. every 
prime ideal pj appears with multiplicity one in the decomposition of p. Let p be a prime 
ideal in K[n] which divides the principal ideal (p). Associated to these two ideals is the held 
extension FNp/Fp, dehned by the residue helds Fnp = OK[n]IP and Fp = Z/(p). Here Np 
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denotes the norm of the ideal p, defined conceptually as the cardinality of the resulting residue 
held. In the present context we are interested in Galois extensions and the norm of a prime 
ideal can be computed most easily by considering the Galois conjugates of the ideal 

Np= n P3) 

o-GGal(iC[n]/Q) 

The Galois group of the hnite extension Fnp is particularly simple in that it is a cyclic group 
whose generator is given by the Frobenius automorphism x h->• x^. Furthermore there is a 
surjective map from the decomposition group, dehned by 

Dp = {a e Gal(iF[n]/Q) | (t(p) = p}, (74) 


onto this Galois group 


Dp —Gal(FNp/Fp). (75) 

The element dp is dehned as that element in the decomposition group which corresponds 
to this generator of the cyclic Galois group. Given the Frobenius automorphism of K[n]/Q 
associated to p one obtains the following congruence 

det(t ■ 1 — p(dp)) = — Cpt + p mod n, (76) 


where f is a formal variable and the coefficient Cp is a rational integer. 


The connection with the arithmetic consideration is made by the observation that the coeffi¬ 
cients Cp are determined by the cardinalities of the curve. Results of this type are described 
in [55]. It might appear that the Galois representations contain only reduced information 
about the arithmetic of the variety because of the mod condition in (76). Surprisingly this is 
not the case if one considers not only representations at any hxed prime i but combines the 
representations associated to Eli"-], n G IN, into a so-called Gadic representation p^oo of the 
absolute Galois group p^oo : Gal(Q/Q) —GL(2,Z£), where denotes the Gadic integers. 
Then one has the following result. 


Theorem. [54] Each i-adic representation determines the eurve E up to isogeny. 


The Galois theoretic framework suggests that an alternative way of thinking about the recon¬ 
struction of spacetime from the string is to ask what the Galois representations are that are 
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induced by the conformal field theory and how they are related to those that are induced by 
the structure of spacetime. A number of results about Galois representations that are either 
known or conjectured are of relevance in this context. 

It turns out that the mathematically easier direction is the one that has been the more 
challenging from a physics perspective and involves the problem of constructing spacetime 
from string theory. Starting from a Hecke cusp eigenform / of weight k constructed from 
a conformal held theory, results from Shimura, Deligne, and Deligne-Serre show that there 
exists a continuous representation 

Pf. Gal(Q/Q) ^GL(2,1F,) (77) 

such that 

tr Pf{<Jp) = ttp (mod i) 

det Pf{<Jp) = e{p)p^~^ (mod i), (78) 

where p runs through the rational primes not dividing i and ap G Gal(Q/Q) is the Frobenius 
automorphism corresponding to any prime ideal p of Z lying over p. is the algebraic 
closure of the hnite held F^ and e : (Z/A^Z)* —C* is the character induced by the diamond 
bracket operator (see e.g. [56]). For modular forms of higher weight k the construction is 
involved, but for the simpler case k = 2, which is of relevance for the present context, the 
Galois representation can be obtained via the Eichler-Shimura theory described above. It 
emerges as the action of Gal(Q/Q) on the torsion points obtained from an elliptic ’piece’ of 
the modular curve Xq{N). More precisely, one combines all the torsion points into the Tate 
module, an inhnite tower of compatible torsion point groups on which the Galois group acts. 

Once we have a Galois representation, derived from the conformal held theory, we can ask 
what the underlying geometry is of such representations, if any. This line of thought is 
useful because a result of Faltings [51] shows that abelian varieties are uniquely determined 
up to isogeny by their Galois representations. This means that the arithmetic properties of 
abelian varieties are determined by their Galois representation and explains why the concept 
of modularity can be recovered in this context. Work in this direction is based mostly on 
conjectures by Fontaine and Mazur [57]. 
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Fewer results are available in the direction which passes from the geometry to modularity 
via the Galois group, because the transition from Galois representations to modular forms 
is based on conjectures by Serre which have yet to be proven. Suppose we start from a 
geometrically induced continuous irreducible representation p ; Gal(Q/Q) —GL(2,F£) 
with odd determinant, i.e. det p(croo) = —1, where doo € Gal(Q/Q) is the restriction to Q of 
complex conjugation in C. Then Serre’s conjecture states that such a Galois representation 
is induced by a modular form and it provides a prescription for computing the modular level 
N, the weight k, and the character e for which the eigenform / should exist. A review of the 
status of the Serre conjectures can be found in ref. [56]. 
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